A new concept, primitive chaos, was proposed, as a concept closely related to the fundamental problems of sciences themselves such as determinism, causality, free will, predictability, and time asymmetry [J. Phys. Soc. Jpn. 2014, 83, 1401. This concept is literally a primitive chaos in such a sense that it leads to the characteristic properties of the conventional chaos under natural conditions. Then, two contrast concepts, nondegenerate Peano continuum and Cantor set, are known as the origins of the primitive chaos. In this study, the relation of these origins is investigated with the aid of a mathematical method, topology. Then, we can see the emergence of interesting concepts such as the relation of whole and part, and coarse graining, which imply the essence of our intrinsic recognition for phenomena.
Introduction
The concept of primitive chaos was proposed, as a concept closely related to the fundamental problems of sciences themselves such as determinism, causality, free will, predictability, and time asymmetry [1, 2] . Definition 1. If a set X, the family of subsets of X, {X λ ; ∅ = X λ ⊂ X, λ ∈ Λ}, and the family of maps, {f X λ : X λ → X, λ ∈ Λ}, satisfy the following property (P), (X, {X λ , λ ∈ Λ}, {f X λ , λ ∈ Λ}) is called primitive chaos.
(P) For any infinite sequence ω 0 , ω 1 , ω 2 , . . ., there exists an initial point x 0 ∈ ω 0 such that f ω 0 (x 0 ) ∈ ω 1 , f ω 1 (f ω 0 (x 0 )) ∈ ω 2 , . . ., where ω i ∈ {X λ , λ ∈ Λ} for each i.
In the primitive chaos, each set X λ represents an event or a selection, and each map f X λ represents a law or causality. Then, under natural conditions, the primitive chaos leads to the characteristic properties of the conventional chaos, such as the existence of a nonperiodic orbit, the existence of the periodic point whose prime period is n for any n ∈ N, the existence of a dense orbit, the density of periodic points, sensitive dependence on initial conditions, and topological transitivity [3, 4] . In this sense, this primitive chaos is literally a primitive chaos.
Then, by exploring sufficient conditions for the guarantee of existence of the primitive chaos from a topological viewpoint, we saw the emergence of two contrast concepts, nondegenerate Peano continuum and Cantor set [1, 2] . In fact, if X is a nondegenerate Peano continuum or a Cantor set, it guarantees not only the existence of the primitive chaos (X, {X λ , λ ∈ Λ}, {f X λ , λ ∈ Λ}), but also its infinite varieties. Namely, we can see such a situation that infinitely many events X λ , λ ∈ Λ and laws f X λ , λ ∈ Λ emerge from X, which satisfy the property (P). In this sense, we can state that the nondegenerate Peano continuum and the Cantor set are the origins of the primitive chaos.
Here, a nondegenerate Peano continuum is defined by a locally connected continuum more than one point, and a continuum is defined by a nonempty compact connected metric space [5] . Then, the nondegenerate Peano continuum is a universal concept, which has tremendous examples such as all arcs, all n-cells for all n, all n-spheres for all n, all toruses, all solid toruses, all trees, all graphs, all nondegenerate dendrites, all Hilbert cubes, and so on [5] . Therefore, taking it into consideration that the nondegenerate Peano continuum is the origin of the primitive chaos leading to the chaos, we can see an answer of a question "Why are we surrounded by diverse chaotic behaviors?" [1, 2] A Cantor set is defined by a topological space homeomorphic to the Cantor middle third set, and it is known that a topological space is a Cantor set if and only if it is a zero-dimensional perfect compact metrizable space [5] . Here, a topological space is perfect provided that it contains no isolated points, and a topological space is zero-dimensional provided that there is a base for its topology such that each element of the base is closed and open (clopen). Then, it is noted that the Cantor set is also a universal concept quite different from the special set, the Cantor middle-third set [2] .
In addition, since the nondegenerate Peano continuum is characterized by its continuum and the Cantor set is characterized by its zero-dimensionality, the above results naturally remind us of two contrast aspects of matter from a macroscopic viewpoint and a microscopic viewpoint. More generally, the concepts of continuity (continuum) and discreteness (zero-dimensionality) seem to be our intrinsic concepts for the method of recognizing phenomena [2] .
In this study, we investigate the relation between these universal concepts, the nondegenerate Peano continuum and the Cantor set, which are the origins of the primitive chaos, by a mathematical method, topology. Here, it is noted that the topology is the rigorous method which can describe extremely abstract concepts, and it can be recognized as the generalization or abstraction of geometry. Therefore, we can interpret it as the discussion on concepts of morphology. However, in this study, we explore the possibility of interpreting it not only as such discussion, but also as the discussion on "morphology of concepts" or as the discussion on morphology of our interior views [6, 7, 8, 9, 10, 11, 12, 13] . Namely, presuming the symmetric relation between external and internal views, we are trying to overcome the dualistic relation of matter and mind.
Relation of Origins of Primitive Chaos
At first, let us recall the fact that if there exist finitely many maps more than two from the nondegenerate Peano continuum X to itself such that the maps satisfy several conditions, there exists a Cantor set in X [14] . Let us begin by generalizing this fact.
Proposition 2. Any nondegenerate Peano continuum X has a Cantor set in it.
Proof By the definition, there exist two different points x 1 and x 2 in X. From Lemma 3 [1, 5] , there exist two nondegenerate Peano subcontinua X 1 and X 2 of X such that each X i contains x i , and satisfies the relation
Let us represent
Then, for each i, there exist a point x i2 in X i , which is different from x i , and let us represent
From Lemma 3, there exist two nondegenerate Peano subcontinua X i1 and X i2 of X i such that each X ij contains x ij , and satisfies the relation
Then, this procedure can be repeated and a sequence {X n } is obtained. Let us verify that the set in X,
is a Cantor set. First, since each X n is closed, S is closed, and thus S is compact. Then, for any point x ∈ S and any ε > 0, there exist a positive integer n and X i 1 ···in ⊂ X n (each i j is 1 or 2) such that
Since there exist two different points x i 1 ···i n−1 1 and
, it is a clopen subset of S), because
is a closed subset of S. Therefore, S is zero-dimensional.
Lemma 3. If X is a nondegenerate Peano continuum, for any ε > 0, there exist finitely many nondegenerate Peano subcontinua X 1 , . . . , X n of X covering X such that dia X i < ε for each i.
Here, the nondegenerate Peano continuum has not only one Cantor set in it, but also infinitely many Cantor sets. In fact, the nondegenerate Peano subcontinuum X 1 of X in the proof of Proposition 2 has a Cantor set S 1 in X 1 , which is different from S. The nondegenerate Peano subcontinuum X 11 of X also has a Cantor set S 11 in X 11 , which is different from S and S 1 , and this discussion can be repeated. Accordingly, in addition to the fact that the nondegenerate Peano continuum has tremendous examples, each nondegenerate Peano continuum has infinitely many Cantor sets in it. Accordingly, we can see the relation of whole and part, as a relation between the Peano continuum and the Cantor set both of which are the origins of the primitive chaos.
Furthermore, we can see such a situation that the whole is the coarse graining of the part. Let us first recall the concept of a decomposition space [5] .
Definition 4. For a topological space (X, τ ) and a partition D of X, the family of subsets of D,
is called a decomposition topology for D, and (D, τ (D)) is called a decomposition space of X.
This concept is recognized as a coarse graining in such a sense that the decomposition topology is a natural topology for the partition from a topological viewpoint [5, 10] . In addition, we can verify the following proposition.
Proposition 5. For a compact Hausdorff space (X, τ ) and a partition of X,
let a point x λ be the representative point of X λ for each λ. Then, the subspace of X consisting of the representative points,
is homeomorphic to the decomposition space (D, τ (D) ).
Proof The bijection
is continuous, because the relation
holds for any open subset U of D. Since X is compact and Hausdorff, h is a homeomorphism.
Here, we can recognize the subspace Y of X in Proposition 5 as a space coarsely grained by representing each set X λ as the point x λ . By this proposition, we can see that the space Y is the same as the decomposition space D from a topological viewpoint. In addition, it is noted that Proposition 2 holds regardless of the way of choice of each representative point x λ in X λ .
Then, we can state that for any Cantor set X and any nondegenerate Peano continuum Y , the decomposition space of X is obtained, which is homeomorphic to Y . In fact, since there exists a continuous map f from X onto Y from Lemma 6 [2] , the decomposition space D f is homeomorphic to Y from Lemma 7 [10] . Here, a topological space X is a T 1 -space provided that for each x ∈ X, the singleton {x} is a closed subset of X, and thus any Hausdorff space is a T 1 -space.
Lemma 6. Let X be a zero-dimensional perfect compact T 1 -space. For any compact metric space Y , there exists a continuous map from X onto Y .
Lemma 7.
If X is a compact space, Y is a Hausdorff space, and f is a continuous map X onto Y , the decomposition space of X for the partition
Accordingly, recalling that the relation of the nondegenerate Peano continuum and the Cantor set is the relation of whole and part, we can see such a picture that the coarsely grained part is identical to the whole from a topological viewpoint. While each nondegenerate Peano continuum has infinitely many Cantor sets in it, any Cantor set can be recognized as any nondegenerate Peano continuum by the concept of the decomposition space or the coarsely graining.
Furthermore, let us see that there exist infinitely many continuous maps from any Cantor set onto any nondegenerate Peano continuum; that is, there exist infinitely many ways of such coarse graining. Proposition 8. Let X be a zero-dimensional perfect compact T 1 -space and Y be a compact metric space. For any positive integer n, any mutually disjoint nonempty clopen subsets A 1 , . . . , A n of X covering X and any nonempty closed subsets B 1 , . . . , B n of Y covering Y , there exists a continuous map f from X onto Y such that f (A i ) = B i for each i. Proof Since the clopen subset of a zero-dimensional perfect compact space is also zero-dimensional, perfect, and compact, from Lemma 6, there exist continuous surjections
Then, the surjection
is continuous. In fact, since each A i is an open subset of X, for any open subset U of Y ,
is an open subset of X.
Here, recalling the following lemma [2] in addition to Lemma 3, we can see that there exist infinitely many continuous maps from the Cantor set onto the nondegenerate Peano continuum. Here, a T 0 -space is a topological space Y such that for any points y 1 and y 2 in Y with y 1 = y 2 , there exists an open subset U of Y such that y i ∈ U and y j / ∈ U for some choice of i and j, and thus any T 1 -space is a T 0 -space.
Lemma 9. Let X be a zero-dimensional perfect T 0 -space. For any positive integer n, there exist mutually disjoint nonempty clopen subsets X 1 , . . . , X n of X covering X.
In addition, Proposition 8 implies the following corollary because the complementary set of finite union of clopen sets is clopen. This corollary guarantees the infinite varieties of the causality {f X λ , λ ∈ Λ} in the primitive chaos (X, {X λ , λ ∈ Λ}, {f X λ , λ ∈ Λ}) for the Cantor set X [2] . In fact, since a clopen subset of a Cantor set is again a Cantor set as its subspace, by Lemma 9, from one Cantor set X, the events or the selections X 1 , . . . , X n are generated with infinite varieties, which are Cantor sets as subspaces of X, and the causality {f X 1 , . . . , f Xn } are generated also with infinite varieties, by Corollary 10.
In order to compare with the case of the nondegenerate Peano continuum, let us recall the following proposition [1] which also guarantees the infinite varieties of the causality in the primitive chaos for the nondegenerate Peano continuum.
Proposition 11. If X and Y are nondegenerate Peano continua, for any positive integer n, any n points x 1 , . . . , x n ∈ X, and any n points y 1 , . . . , y n ∈ Y , there exists a continuous map f from X onto Y such that f (x i ) = y i for each i.
It is interesting that the law or the causality f can be fitted to the "points", i.e., f (x i ) = y i , for the nondegenerate Peano continuum, while the law f can only be fitted to the "regions", i.e., f (A i ) = B i , for the Cantor set. This relation again reminds us of two aspects of matter from a macroscopic viewpoint and a microscopic viewpoint, that is, the relation between the classical mechanics and the quantum mechanics.
Conclusions
The relation between the nondegenerate Peano continuum and the Cantor set is revealed, both of which guarantee the infinite varieties of the primitive chaos leading the chaos. Although they are contrast spaces (the one is characterized by continuum and the other is by zero-dimentionality), nevertheless they are closely related to each other. Any nondegenerate Peano continuum has infinitely many Cantor sets in it, and any Cantor set can be seen as any nondegenerate Peano continuum by the infinitely many ways of the coarsely graining. Furthermore, the result is obtained, which again reminds us of the aspects of matter from a macroscopic viewpoint and from a microscopic viewpoint. Recalling the fact that we are surrounded by diverse chaotic behaviors, these results not only indicate properties concerning the origin of the chaos, but also seem to imply the essence of our intrinsic recognition for phenomena.
